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Abstract
We study the problem of deterministic transformations of an initial pure entangled quantum state, |ψ〉, into
a target pure entangled quantum state, |φ〉, by using local operations and classical communication (LOCC).
A celebrated result of Nielsen [Phys. Rev. Lett. 83, 436 (1999)] gives the necessary and sufficient condition
that makes this entanglement transformation process possible. Indeed, this process can be achieved if and
only if the majorization relation ψ ≺ φ holds, where ψ and φ are probability vectors obtained by taking the
squares of the Schmidt coefficients of the initial and target states, respectively. In general, this condition is
not fulfilled. However, one can look for an approximate entanglement transformation. Vidal et. al [Phys.
Rev. A 62, 012304 (2000)] have proposed a deterministic transformation using LOCC in order to obtain a
target state |χopt〉 most approximate to |φ〉 in terms of maximal fidelity between them. Here, we show a
strategy to deal with approximate entanglement transformations based on the properties of the majorization
lattice. More precisely, we propose as approximate target state one whose Schmidt coefficients are given by
the supremum between ψ and φ. Our proposal is inspired on the observation that fidelity does not respect
the majorization relation in general. Remarkably enough, we find that for some particular interesting cases,
like two-qubit pure states or the entanglement concentration protocol, both proposals are coincident.
Keywords: Entanglement transformation, LOCC, Majorization lattice
1. Introduction
The theory of majorization is a powerful mathematical tool with applications in several scientific dis-
ciplines, from social sciences to natural ones (see [1] for an excellent introduction to the topic and some
applications). In particular, majorization arises naturally in several problems of quantum information the-
ory. A nonexhaustive list includes entanglement criteria [2, 3], characterizing mixing and quantum measure-
ments [4–6], majorization uncertainty relations [7–12] and quantum entropies [13–16], among others [17–23]
(see also [24, 25] for reviews of some of these topics).
Here, we focus on the problem of entanglement transformations by using local operations and classical
communication. This problem has been originally addressed by Nielsen in Ref. [26], where the necessary and
sufficient condition that enables this entanglement transformation process is given in terms of a majorization
relation. Our aim is to show that studying the lattice structure of majorization presented by Cicalese and
Vaccaro [27] allows us to learn meaningful information about this problem. In particular, we address the
problem of approximate entanglement transformations, that is, when Nielsen’s condition does not hold.
Vidal et.al [28] have solved this problem by invoking a criterion of maximal fidelity. Here, we tackle the
same problem from a different approach, exploiting the lattice structure of majorization and showing that
both proposals are linked via a majorization relation. In particular, we obtain that both proposals are
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coincident for the entanglement concentration protocol [29]. Interestingly enough, our work seems to be the
first attempt to exploit the properties of the majorization lattice in a quantum information context, beyond
the well-known partial order properties of majorization.
The outline of the work is as follows. In Section 2, we review the definition of majorization and we
introduce the majorization lattice and a metric compatible with it. In Section 3, we present the problem of
entanglement transformations and we provide our main results. In Section 4, we give examples of coincidence
and not coincidence of our proposal with respect to the one of Vidal et.al. Some conclusions are drawn in
Section 5. Finally, some technical details related to the majorization lattice and approximate entanglement
transformations, as well as the proof of our main Theorem, are given in the appendices.
2. Majorization lattice and a compatible metric
Let us consider the set of probability vectors whose components are sorted in decreasing order:
δN ≡
{
[p1, . . . , pN ]
t
: pi ≥ pi+1 ≥ 0 and
N∑
i=1
pi = 1
}
. (1)
For given p, q ∈ δN , it is said that p is majorized by q (or equivalently, q majorizes p), denoted as p ≺ q, if
and only if,
Sl(p) ≤ Sl(q) ∀l = 1, . . . , N − 1, (2)
where Sl(r) =
∑l
l′=1 rl′ with r ∈ δN . Notice that SN (p) = SN (q) is trivially satisfied, because p and q
are probability vectors (for that reason we discard this condition from the definition of majorization). The
majorization relation, p ≺ q, can be established in several equivalent ways. On one hand, p ≺ q iff there
exists a double stochastic matrix D, i.e., Dij ≥ 0 for all i, j and
∑
ij Di = 1 =
∑
ij Dj , such that p = Dq.
On the other hand, p ≺ q iff ∑Ni=n f(pi) ≥∑Ni=n f(qi) for all convex functions f (see [1] for proofs of these
equivalent definitions).
From the viewpoint of order theory, majorization gives a partial order among probability vectors belong-
ing to δN . Indeed, it is straightforward to check that, for every p, q, r ∈ δN one has
(i) reflexivity: p ≺ p,
(ii) antisymmetry: p ≺ q and q ≺ p, then p = q, and
(iii) transitivity: p ≺ q and q ≺ r, then p ≺ r.
These conditions define a partial order (see e.g. [30]). However, it can be that p ⊀ q and q ⊀ p, which
implies that majorization is not a total order. For instance, this happens for p = [0.70, 0.15, 0.15]t and
q = [0.50, 0.40, 0.10]t.
Remarkably enough, Cicalese and Vaccaro have shown that majorization is indeed a lattice on the
probability vectors belonging to δN [27]. Precisely, the majorization lattice is defined as the quadruple
〈δN ,≺,∧,∨〉, where for all p, q ∈ δN there is an infimum (join) p ∧ q and a supremum (meet) p ∨ q. By
definition, one has:
• infimum: p ∧ q iff p ∧ q ≺ p and p ∧ q ≺ q and s ≺ p ∧ q for all s such that s ≺ p and s ≺ q;
• supremum: p ∨ q iff p ≺ p ∨ q and q ≺ p ∧ q and p ∨ q ≺ s for all s such that p ≺ s and q ≺ s.
The expressions for p∧ q and p∨ q in terms of p and q have been obtained by Cicalese and Vaccaro [27] (see
also Appendix A).
On the other hand, it has been shown that given probability vectors p, q ∈ δN , the distance
d(p, q) = H(p) +H(q)− 2H(p ∨ q) (3)
with H(p) = −∑i pi ln pi the Shannon entropy, is a proper metric on δN [31]. In other words, the function
d satisfies:
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(a) positivity: d(p, q) ≥ 0 with d(p, q) = 0 iff p = q,
(b) symmetry: d(p, q) = d(q, p), and
(c) triangle inequality: d(p, r) + d(r, q) ≥ d(p, q).
Moreover, it can been shown that this metric is compatible with the majorization lattice, in the sense that:
if p ≺ q ≺ r ⇒ d(p, r) = d(p, q) + d(q, r). (4)
Finally, notice that if p ≺ q, then p ∧ q = p and p ∨ q = q, and the distance (3) takes the form d(p, q) =
H(p)−H(q).
3. Statement of the problem and main results
The problem of entanglement transformations by using local operations and classical communication is
the following. Assume that Alice and Bob share a bipartite entangled pure state, which we call initial state
and denote by |ψ〉 ∈ CN⊗CM (we consider N ≤M without loss of generality). Their aim is to transform |ψ〉
into another pure entangled state —which we call target state and denote by |φ〉— by using local operations
and classical communication (LOCC). Interestingly enough, the conditions under which entangled states
can be achieved by this process can be established in terms of a majorization relation. More precisely, let
us consider the Schmidt decompositions of the initial and target states,
|ψ〉 =
N∑
i=1
√
ψi |iA〉 |iB〉 and |φ〉 =
N∑
j=1
√
φj |jA〉 |jB〉 , (5)
respectively. Let ψ = [ψ1, . . . , ψN ]
t and φ = [φ1, . . . , φN ]
t be the probability vectors formed by the squares
of the Schmidt coefficients of the initial and target states, respectively, sorted in decreasing order. Then,
Nielsen’s result reads as follows.
Theorem 1 (Th. 1 [26]). Given an initial state |ψ〉 and a target state |φ〉, |ψ〉 can be deterministically
transformed into |φ〉 using LOCC (shortened: |ψ〉 →
LOCC
|φ〉) if and only if ψ ≺ φ.
We stress that the majorization relationship between ψ and φ, constitutes the necessary and sufficient
condition under which the above transformation is allowed, without any reference to the corresponding
Schmidt bases. Thus, it is to be expected that some properties of the majorization lattice can be used to
provide a characterization of these transformations. Indeed, we will show that this is the case for approximate
transformations.
As already mentioned, the majorization relation in Theorem 1 does not hold in general. For such situa-
tions, one has |ψ〉 9
LOCC
|φ〉. For instance, it is easy to check that |ψ〉 =
LOCC
|φ〉 for ψ = [0.60, 0.15, 0.15, 0.10]t
and φ = [0.50, 0.25, 0.20, 0.05]t, since ψ ⊀ φ and φ ⊀ ψ. But other kinds of processes transforming |ψ〉 into
|φ〉 can be of interest, including those which are valid in an approximate way. Examples of these transforma-
tions are provided by the nondeterministic protocol using LOCC by Vidal [32] or the entanglement-assisted
LOCC protocol introduced by of Jonathan and Plenio [33]. In the first case, they have obtained that the
maximal probability of process success is given by P (|ψ〉 →
LOCC
|φ〉) = minl∈[1,N ] El(ψ)El(φ) , where the entan-
glement monotones can be expressed by El(ψ) = 1 − Sl−1(ψ) [32]. In the second one, the Authors have
increased the set of states which can be obtained in a deterministic way by using LOCC, but considering a
shared catalytic entangled state between Alice and Bob. This protocol defines a new partial order relation
that it is called trumping majorization, and reads as follows: given p, q, r ∈ δN , it is said that p is trumping
majorized by q (and denoted by p ≺T q) iff there exists a catalytic r such that p⊗r ≺ q⊗r (see [34] for some
mathematical properties of trumping and [35] for an extension of this concept related to Shannon entropy).
As far as we know, it is an open question whether trumping majorization can be endowed with a lattice
structure [36]. The equivalent conditions given in [37–39] could be useful to tackle this problem.
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Here, we focus on deterministic transformations using LOCC, without extra resources. Thus, if the states
are not related by a majorization relation as in Theorem 1, the best we can do is to obtain an approximate
target. Then, the problem can be reformulated as follows. Alice and Bob share an initial state |ψ〉, and
they want to use LOCC to obtain a new target state |χ〉, which satisfies the condition of being the most
approximate to |φ〉. The problem of establishing a definition (or criterion) of most approximate state, that
satisfies the conditions of being physically well-motivated and mathematically consistent, is a critical one.
Vidal et. al were the first to address this problem [28], and their proposal can be summarized as follows.
Criterion 1. Given initial and target states, |ψ〉 and |φ〉, respectively, such that |ψ〉 9
LOCC
|φ〉, the best target
state that one can obtain is given by a solution |χopt〉 of the maximization problem
|χopt〉 = argmax
|χ〉:|ψ〉 →
LOCC
|χ〉
F (|φ〉 , |χ〉), (6)
where F (|φ〉 , |χ〉)= | 〈φ|χ〉 |2 is the fidelity between pure states.
Since the optimum state (6) has the same Schmidt basis than the target one [28, Lemma 1], the maximization
problem (6) is equivalent to
χopt = argmax
χ:ψ≺χ
F (φ, χ), (7)
where F (φ, χ) =
(∑
i
√
φiχi
)2 is the fidelity between probability vectors. Vidal et. al solved this problem
and obtained the most general form of the vector χopt in terms of ψ and φ (see Appendix B). The Criterion 1
provides a physically well-motivated procedure to obtain a state |χ〉, which is the most approximate to |φ〉 (in
the sense of maximizing fidelity), by starting with an initial state |ψ〉 and using LOCC. For instance, consider
ψ = [0.70, 0.15, 0.15]t and φ = [0.50, 0.40, 0.10]t. Following Criterion 1, we obtain χopt = [0.70, 0.24, 0.06]t,
with fidelity F (φ, χopt) ≈ 0.96.
Now, we give some considerations related to the lattice structure of majorization that allow us to compare
it with the optimum state of Criterion 1.
Since only the Schmidt coefficients are relevant in problems concerning bipartite pure-state entanglement
transformations [32], we can define the supremum state as
|χsup〉 ≡
N∑
j=1
√
χsupj |jA〉 |jB〉 , (8)
with the same Schmidt basis as the target state and Schmidt coefficients given by
χsup = ψ ∨ φ. (9)
Let us show a nontrivial order relationship among φ, χopt and χsup in our main Theorem.
Theorem 2. Given initial and target states, |ψ〉 and |φ〉, respectively, one has
φ ≺ χsup ≺ χopt, (10)
where χopt and χsup are given in (7) and (9), respectively.
The complete proof of (10) is given in Appendix C. Here, we give a sketch of the proof:
(a) if ψ ≺ φ, i.e., |ψ〉 →
LOCC
|φ〉, one has, by definition, χsup = φ = χopt;
(b) if ψ ⊀ φ and φ ≺ ψ, i.e., |ψ〉 9
LOCC
|φ〉, but it is allowed the opposite transformation |ψ〉 ←
LOCC
|φ〉. In
such case, one has φ ≺ χsup = ψ ≺ χopt, so that (10) is again automatically fulfilled;
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χopt
χsup
φ ψ
(i)
χsup
χopt
φ ψ
(ii)
χsup χopt
φ ψ
(iii)
Figure 1: Hasse diagrams of the majorization lattice among ψ, φ, χopt and χsup for the case |ψ〉 =
LOCC
|φ〉. In principle, one
has three possibilities: (i) φ ≺ χsup ≺ χopt, (ii) χopt ≺ χsup (as a consequence, φ ⊀ χopt and χopt ⊀ φ), and (iii) χsup ⊀ χopt
and χopt ⊀ χsup (as a consequence, φ ⊀ χopt and χopt ⊀ φ). The first one corresponds to the Theorem 2. On the other hand,
situation (ii) collapses into situation (i) for modular sublattices, but the majorization sublattices are not modular in general
(see Appendix A).
(c) if ψ ⊀ φ and φ ⊀ ψ, i.e., |ψ〉 =
LOCC
|φ〉, it is not trivial that exists such majorization order among φ, χopt
and χsup. Indeed, it could happen any of the three cases illustrated in Fig. 1, but the right one is case
(i) as it is proved in Appendix C.
Now, we show a result that links majorization between probability vectors formed by the Schmidt
coefficients of two-qubit pure states and the fidelity between them.
Observation 1. For any three two-qubit pure states |α〉, |β〉 and |γ〉 such that their Schmidt decompositions
are |α〉 = ∑2i=1√αi |iA〉 |iB〉, |β〉 = ∑2i=1√βi |iA〉 |iB〉, and |γ〉 = ∑2i=1√γi |iA〉 |iB〉 with α ≺ β ≺ γ, one
has F (|α〉 , |β〉) ≥ F (|α〉 , |γ〉).
In other words, the fidelity preserves the majorization order in the case of probability vectors in δ2. The
proof of this Observation is given Appendix D. However, notice that for greater dimensions (N > 2)
the above result can be false, as it is illustrated by the following counterexample: let us consider again
ψ = [0.70, 0.15, 0.15]t and φ = [0.50, 0.40, 0.10]t. We obtain that χsup = [0.70, 0.20, 0.10]t, with fidelity
F (φ, χsup) ≈ 0.95 < F (φ, χopt). But, we have seen that φ ≺ χsup ≺ χopt. Therefore, we conclude that the fi-
delity does not respect the majorization order in general. Similar observations are valid for the trace distance
when the reverse inequality is considered, since D(|ψ〉 , |φ〉) = 12 Tr | |ψ〉 〈ψ| − |φ〉 〈φ| | =
√
1− F (|ψ〉 , |φ〉),
where |A| ≡
√
A†A. Moreover, for the trace distance, one has D(|ψ〉 , |φ〉) ≥ 12
∑
i |ψi − φi|, due to the
contractivity property under quantum operations.
Since the Observation 1 is no longer true for higher dimensions (i.e. N ≥ 3) in general, and there is
indeed a majorization order among φ, χopt, it is worth to tackle the problem of approximate entanglement
transformations by exploiting the properties of the majorization lattice. In this sense, the supremum state
introduced in (8) has a natural interpretation as the closest state (in the sense of minimal distance d) to the
target obtained from the initial state via LOCC, which is the main content of our Theorem 4.
Theorem 3. Given initial and target states, |ψ〉 and |φ〉, respectively, such that |ψ〉 9
LOCC
|φ〉 and |χ〉 ≡∑N
j=1
√
χj |jA〉 |jB〉, we have
|χsup〉 = argmin
|χ〉:|ψ〉 →
LOCC
|χ〉
d(|φ〉 , |χ〉), (11)
where d(|φ〉 , |χ〉) ≡ d(φ, χ) = H(φ) +H(χ)− 2H(φ ∨ χ).
Before we proceed with the proof, notice that in the definition of the distance d(|φ〉 , |χ〉) the Shannon
entropies of the Schmidt coefficients appear, which are nothing more than the corresponding entanglement
entropies (see e.g. [25]). Now, let us prove Theorem 3 by considering the following two cases:
(a) if ψ ≺ χsup ≺ χ or ψ ≺ χ ≺ χsup, then d(χ, φ) = d(χsup, φ) + d(χsup, χ) ≥ d(χsup, φ);
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(b) if ψ ≺ χ, χ ⊀ χsup and χsup ⊀ χ, then d(χ, φ) = d(χ ∨ φ, φ) + d(χ ∨ φ, χ) ≥ d(χ ∨ φ, χ) ≥ d(χsup, χ).
It is noteworthy that any task achievable from |χopt〉 by LOCC, is also achievable by means of |χsup〉,
since |χopt〉 itself can be deterministically obtained from |χsup〉, whereas the opposite is not true in general.
In this sense, |χsup〉 is a better quantum resource in terms of pure-state entanglement. Moreover, our
proposal is fully compatible with a subsequent performance of the optimal nondeterministic conversion [32],
without diminishing the probability of success at all. This follows, since for the very deterministic conversion
proposed by Vidal et al., “realizing the most faithful conversion does not diminish in any way Alice and Bob’s
chances of conclusively obtaining the target state” [28, p.7]. As |χsup〉 →
LOCC
|χopt〉, the same holds for our
proposed scheme.
4. Examples of coincidence/not coincidence between optimum and supremum states
In general, the optimum |χopt〉 and supremum |χsup〉 states are different. We can deepen our insight by
studying the nontrivial case in which the minimal dimension of both states is three, where the calculations
can be carried out analytically. Indeed, we show that |χopt〉 6= |χsup〉 for all ψ, φ ∈ δ3 such that ψ ⊀ φ and
φ ⊀ ψ. To prove that, let us consider the two following cases:
(a) if ψ1φ1 > 1 and
ψ1+ψ2
φ1+φ2
< 1, then χopta =
[
ψ1
φ1
φ1,
1−ψ1
1−φ1 φ2,
1−ψ1
1−φ1 φ3
]t
and χsupa = [ψ1, φ1 + φ2 − ψ1, φ3]t.
By assuming χopta = χsupa , we obtain ψ1 = φ1, which is absurd by hypothesis;
(b) if ψ1φ1 < 1 and
ψ1+ψ2
φ1+φ2
> 1, then χoptb =
[
ψ1+ψ2
φ1+φ2
φ1,
ψ1+ψ2
φ1+φ2
φ2,
1−(ψ1+ψ2)
1−(φ1+φ2)φ3
]t
and χsupb = [φ1, ψ1 + ψ2 − φ1, ψ3]t.
Now, by assuming χoptb = χ
sup
b , we obtain ψ1+ψ2 = φ1+φ2, which contradicts the hypothesis
ψ1+ψ2
φ1+φ2
> 1.
However, it can be happen that |χopt〉 = |χsup〉. For instance, that is the case for two-qubit pure states,
where there are only two possibilities: |ψ〉 →
LOCC
|φ〉 and |ψ〉 8
LOCC
|φ〉 or |ψ〉 9
LOCC
|φ〉 and |ψ〉 ←
LOCC
|φ〉 (i.e.,
there is always a LOCC in one direction that allows the interconversion between the states). If |ψ〉 and |φ〉
are the initial and target states, respectively, let us consider the nontrivial case φ ≺ ψ. On one hand, one
has χsup = ψ by definition of supremum. On the other hand, one has χopt = ψ from (B.1)–(B.4). Then,
χsup = χopt.
Another example of coincidence between optimum and supremum state arises from the entanglement
concentration protocol [29] in any dimension. The aim of this protocol is to obtain the maximally entangled
target state |φ〉 = ∑Nj=1√ 1N |jA〉 |jB〉, by starting with some partially entangled initial pure state using
only LOCC. Remarkably enough, both strategies yield the same approximate target state with Schmidt
coefficients given by χopt = χsup = ψ. This is nothing but applying local unitaries U ⊗V in order to get the
desired Schmidt basis of the target state.
5. Concluding remarks
Summarizing, we address the problem of approximate entanglement transformation of a bipartite quan-
tum pure state using local operations and classical communication. From the lattice structure of the set
of probability vectors with the partial order induced by majorization, we propose a way to obtain an ap-
proximate target state |χsup〉, whose Schmidt coefficients are given by the supremum between initial and
target states in the same Schmidt basis than the target. We have seen that |χsup〉 differs from the optimal
approximate target state in terms of maximal fidelity, |χopt〉, in general. However, we show that there is
a nontrivial majorization relation between both approximate target states, which is given in Theorem 2.
Moreover, we show that |χopt〉 = |χsup〉 for two-qubit pure states or when the target state is maximally
entangled. On the other hand, the fact that Observation 1 is no longer true for higher dimensions motivates
the definition of the supremum state previously introduced and provides a natural interpretation of it as the
best that we can reach within the majorization approach, which is the main content of our Theorem 3.
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Finally, we stress that our proposal could be useful to study approximate transformations in other
protocols. Indeed, if it is the case that the trumping relation can be endowed with a lattice structure, the
supremum on this lattice would play the role of most approximate target for entanglement-assisted LOCC
protocols, but this is, up to now, just a conjecture. We conclude by restating that exploiting the properties
of the majorization lattice going beyond the partial order, could be useful in other problems of quantum
information theory.
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Appendix A. Infimum, supremum and non modularity of majorization lattice
Here we give the closed formulas of p ∧ q and p ∨ q in terms of p and q [27]. In addition, we show that
the majorization lattice is not modular.
On one hand, the infimum sinf ≡ p ∧ q is given by
sinfi = min
{
i∑
l=1
pl,
i∑
l=1
ql
}
−
i−1∑
l=1
sinfi , (A.1)
with sinf0 ≡ 0.
On the other hand, to obtain the supremum, ssup ≡ p ∨ q, one has first to calculate s such that,
s1 = max {p1, q1} and si = max
{
i∑
l=1
pl,
i∑
l=1
ql
}
−
i−1∑
l=1
sl, (A.2)
for i ∈ [2, N ]. Notice that the probability vector s does not belong to δN in general. If it is the case that
s lives in δN , then s is the supremum between p and q. Else, in order to get the supremum, we have to
apply the transformations given in Lemma 3 of [27]. For a probability vector u = [u1, . . . , uN ]
t, let j be the
smallest integer in [2, N ] such that uj > uj−1 and let k be the greatest integer in [1, j − 1] such that
uk−1 ≥
∑j
l=k ul
j − k + 1 = a, (A.3)
with u0 > 1. Then, let t the probability vector given by
tl ≡
{
a for l = k, k + 1, . . . , j
ul otherwise.
(A.4)
Then, the supremum is obtained in no more than N − 1 iterations, by iteratively applying the above
transformations with the input probability vector s given by (A.2) until one obtains a probability vector in
δN .
Now, let us show that the majorization lattice is not modular. A lattice 〈L, <,∧,∨〉 is modular if satisfies
the following self-dual condition: if x < z, then x∨(y∧z) = (x∨y)∧z. Let us consider the probability vectors
as a counter-example: p = [0.60, 0.15, 0.15, 0.10]t, q = [0.50, 0.25, 0.20, 0.05]t and s = [0.60, 0.16, 0.16, 0.08]t.
It can be shown that p ≺ s and p ∨ (q ∧ s) = p 6= (p ∨ q) ∧ p = s, so that the modular law is violated.
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Appendix B. Expression of χopt in terms of initial and target states
Here, we reproduce the expression of χopt in terms of ψ and φ [28]. Recall that El(ψ) =
∑N
l′=l ψl′ for all
l = 1, . . . , N . Let l1 the smallest integer in [1, N ] such that
r1 ≡ El1(ψ)
El1(φ)
= min
l∈[1,N ]
El(ψ)
El(φ)
. (B.1)
Notice that, by definition, r1 ≤ 1. If l1 = 1, then χopt = φ; else, let us define lk as the smallest integer in
[1, lk−1 − 1] such that
rk ≡
Elk(ψ)− Elk−1(ψ)
Elk(φ)− Elk−1(φ)
= min
l∈[1,lk−1−1]
El(ψ)− Elk−1(ψ)
El(φ)− Elk−1(φ)
. (B.2)
Notice that, by definition, rk−1 < rk. Repeating this algorithm until finding some lk = 1, one obtains a
series of k + 1 indices l0 ≡ N + 1 > l1 > . . . > lk = 1, and k positive real numbers 0 < r1 < . . . < rk. Then,
the Schmidt coefficients of |χopt〉 are given by
χopti ≡ rjφi if i ∈ [lj , lj−1 − 1] , (B.3)
so that one obtains
χopt =

rk
 φlk...
φlk−1−1

...
r2
 φl2...
φl2−1−1

r1
 φl1...
φl1−1−1


, (B.4)
where, by construction, ψ ≺ χopt.
Appendix C. Proof of Theorem 2
Here, we give the remaining proof of Theorem 2 for the nontrivial case, i.e., ψ ⊀ φ and φ ⊀ ψ. Now,
we have three possible situations regarding to an order relation (or not) among φ, χsup and χopt, they are:
(i) φ ≺ χsup ≺ χopt, (ii) χopt ≺ χsup, φ ⊀ χopt and χopt ⊀ φ, and (iii) χsup ⊀ χopt and χopt ⊀ χsup, and
φ ⊀ χopt and χopt ⊀ φ. These situations are illustrated in Fig. 1. Notice that, if the majorization lattice
were modular, situation (ii) would collapse in situation (i), but this is not the case. So, all we need to prove
is that situation (i) is the only possible one. Moreover, if φ ≺ χopt, then, by definition, χsup ≺ χopt. So, the
only thing that we have to show is that φ ≺ χopt.
Now, we compare φ and χopt given by (B.4). First, we exclude the case r1 = 1, because in such case we
have ψ ≺ φ, and as a consequence χopt = φ. Hereafter, r1 < 1. As φ and χopt are probability vectors, one
has the following equations:
N∑
i=1
φi =
lk−1−1∑
l=lk
φl + . . .+
l1−1∑
l=l2
φl +
l0−1∑
l=l1
φl = 1 (C.1)
N∑
i=1
χopti = rk
lk−1−1∑
l=lk
φl + . . .+ r2
l1−1∑
l=l2
φl + r1
l0−1∑
l=l1
φl = 1. (C.2)
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Subtracting Eqs. (C.1) and (C.2) and conveniently regrouping the terms, one has
(1− rk)
lk−1−1∑
l=lk
φl = (rk−1 − 1)
lk−2−1∑
l=lk−1
φl + . . .+ (r2 − 1)
l1−1∑
l=l2
φl + (r1 − 1)
l0−1∑
l=l1
φl. (C.3)
Let us suppose that rk′ < 1 for k′ = 1, . . . , k − 1, which implies that each term of right hand side of (C.3)
is negative. As a consequence, rk > 1, as one would have expected. Moreover, one has automatically
Sl(φ) < Sl(χ
opt) for l = lk, . . . , lk−1 − 1. (C.4)
In order words, we have that all the partial sums of the first block of φ are strictly lower than the corre-
sponding ones of the first block of χopt. In order to show that φ ≺ χopt, we have to prove similar inequalities
for the remaining partial sums, i.e., Sl(φ) < Sl(χopt), for l = lk−1, . . . , l0 − 1. Now, we compare Slk−1(φ)
and Slk−1(χopt). From (C.3), we have
(1− rk)
lk−1−1∑
l=lk
φl + (1− rk−1)φlk−1 < 0⇔ Slk−1(φ) < Slk−1(χopt). (C.5)
In similar way, one can obtain the remaining inequalities to show Sl(φ) < Sl(χopt), for l = lk, . . . , l0 − 1
from (C.3). Finally, notice that the same arguments can be used if rk′ < 1 for k′ = 1, . . . , k − 2, and so on
until rk′ > 1 for all k′ = 2, . . . , k. Therefore, we conclude that φ ≺ χopt, which implies φ ≺ χsup ≺ χopt.
Appendix D. Proof of Observation 1
Let |α〉 and |β〉 be two two-qubit states with Schmidt decompositions |α〉 = ∑2i=1√αi |iA〉 |iB〉 and
|β〉 = ∑2i=1√βi |iA〉 |iB〉, respectively. In this case, we have that probability vectors α = [α1, 1− α1]t and
β = [β1, 1− β1]t satisfy α ≺ β or β ≺ α. In other words, we have a total order given by the greatest Schmidt
coefficients α1 and β1 for any α, β ∈ δ2. Hereafter, we assume that α ≺ β, without loss of generality.
On the other hand, it can be shown that β = argmaxγ:β≺γ F (α, γ) by using the result of Vidal et al.
reproduced in Appendix B. Then, it follows that if |γ〉 is a two-qubit state with Schmidt decomposition
|γ〉 =∑2i=1√γi |iA〉 |iB〉 such that β ≺ γ, then F (|α〉 , |β〉) ≥ F (|α〉 , |γ〉).
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